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With the help of a simple rate equation model, we analyze the intrinsic dynamics of threshold
crossing for Class B lasers. A thorough discussion of the characteristics and the limitations of
this very commonly employed model, which provides excellent qualitative predictions on the laser
behaviour, is offered. Approximate solutions for the population inversion and for the field intensity,
up to the point where the latter reaches macroscopic levels, are found and discussed, together with
the associated characteristic times. Numerical verifications test the accuracy of these solutions and
confirm their validity. A discussion of the implications on threshold dynamics is presented, together
with the motivation for focussing on this – nowadays most common – class of lasers.
I. INTRODUCTION
Lasers have been around for over half a century, and
although initially considered as a pure technical curiosity
(or a solution looking for a problem, as they were often re-
ferred to in the 1960’s), they have become ubiquitous. As
a consequence, lasers are nowadays studied from differ-
ent points of view, depending on the kind of application
which is the ultimate goal of the approach. This paper
gives a contribution to the description of the dynamics
of the threshold crossing of a wide class of lasers, the
so-called Class B lasers [1], whose properties, although
well-known, are often viewed from a practical, rather
than fundamental point of view. Thus, in order to help
understand the basics of these devices, we are going to
highlight their temporal response to the threshold cross-
ing with the help of the simplest possible model.
Threshold is normally viewed as a static property, and
is used as a concept of principle, regardless of the way
the laser makes the transition from the off-state (below
threshold) to the on-state (above threshold). In the sim-
plified description based on the sole accounting of the
stimulated photons, these two states correspond also to
the lack of emission and to the presence of light emission,
respectively. Of course, the reality is more complex, since
some (incoherent) light is emitted even below threshold,
but the simplified picture is justified both in terms of
emission strength – orders of magnitude weaker below
than above threshold –, in terms of coherence of the ra-
diation (incoherent below threshold – i.e., spontaneous
emission –, highly coherent above threshold) and in terms
of directionality of the radiation (i.e., the appearence of
the collimated “pencil” beam above threshold). All these
considerations hold very well for the macroscopic lasers
developed in the first decades of laser fabrication and still
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apply quite well to most current lasers, including semi-
conductor ones, in spite of their very small size [2].
Before delving into the discussion, however, it is im-
portant to remark on the choice of the Class B laser
for this discussion. The latter represent the ensemble
of lasers whose description is based on two main physi-
cal variables: the electromagnetic (e.m.) field intensity
and the population inversion. The simplest device of this
kind will therefore be a single longitudinal and transverse
mode laser, possessing a ring cavity with unidirectional
emission (i.e., the so-called unidirectional ring cavity).
The latter can be obtained by inserting a non-reciprocal
element (e.g., a Faraday isolator [3]) inside a ring cavity.
Compared to the Class A laser, physically described by
the sole e.m. field intensity (e.g., He-Ne lasers and gas
lasers in general, dye lasers . . .), the Class B device pos-
sesses a dynamics which is determined by the interplay
of the physics of the e.m. field and that of the mate-
rial’s response (restricted to the difference in population
between the upper and lower state participating in the
lasing transition) [4]. To this class belong notably semi-
conductor lasers, solid state lasers and some molecular
lasers (e.g., the CO2, which finds applications both in
medicine – surgery or heat treatment – and in technol-
ogy – cutting and drilling).
While the more complex interaction presents a fun-
damental interest for the study of the dynamics of these
lasers, at the same time class B lasers represent the single
most important source of coherent emission for techno-
logical applications, accounting for well over 90% of the
World laser sales [5] (2010 data). This practical interest
is closely related to their physical properties since to the
Class B belong lasers whose material time constant (i.e.,
the timescale on which the population inversion reacts)
is slower than the e.m. field’s. This implies that the
spontaneous losses, due to relaxation of the upper state
without contributing a photon to the stimulated compo-
nent, are strongly reduced; in other words, these devices
2TABLE I. Transformations between the two forms of model
(equations (1–2) vs. equations (3–4)).
Direct physical model Normalized model
n ↔ γ
2G
I
N ↔ K
G
D
R ↔ γK
G
P
κ ↔ K
intrinsically possess much lower losses and offer an effi-
ciency which can be orders of magnitude larger than that
of Class A lasers. Thanks to this intrinsic and unmistake-
able advantage, technological solutions have been devel-
oped over the years to offer class B lasers emitting virtu-
ally on all wavelengths from mid-IR to near-UV. Thus,
in addition to the fundamental interest in studying the
more complex dynamics, we find the practical motiva-
tion of understanding threshold crossing as it occurs in
those lasers which are used in almost all of everyday’s
applications.
II. MODEL PROPERTIES
There exist numerous derivations of the basic model
for a laser, and the Class B model [6] can be obtained
from the Maxwell-Bloch[7] model performing the adia-
batic elimination of the atomic polarization (cf. e.g., [8]).
However, it is easy to show that they all reduce to the
so-called rate equations, which can be written directly
from physical considerations [9]:
dn
dt
= −κn+GnN , (1)
dN
dt
= R− γN −GnN , (2)
where n represents the photon number, N the difference
between the number of atoms [10] in the upper and in
the lower level of the lasing transition, κ represents the
losses for the photon number, G the coupling constant
between photons and atomic excitation, R stands for the
pump rate (i.e., amount of energy supplied per unit time
to the laser) and γ the spontaneous relaxation rate of
the population from the upper state. In writing equa-
tions (1-2) we have made the implicit assumption that we
are considering a perfect four-level laser, with infinitely
fast relaxation from the lower state towards a separate,
fundamental state [9]. This assumption does not quali-
tatively change the results of our analysis and is justified
by its simplicity. Quantitative changes are discussed by
several authors (cf. e.g., Siegman’s book [9]).
With the help of the transformations detailed in Ta-
ble I it is possible to recast the rate equations into a
normalized form, more suitable for our discussion, as fol-
lows:
dI
dt
= −K(1−D)I , (3)
TABLE II. Some typical relaxation constants valid for some
selected, sample class B lasers.
Type of laser K(s−1) γ(s−1)
CO2 10
7 104
Nd:YAG 108 104
Semiconductor 1011 109
dD
dt
= −γ[(1 + I)D − P ] , (4)
where I stands for the e.m. field intensity, D for the
population inversion, K for the intensity losses, and P
represents the pump (i.e., energy supplied to the laser).
The recast version of the rate equations immediately
highlights the existence of the two time scales: the e.m.
field intensity evolves over a timescale τI ∼
1
K (equa-
tion (3)), while the population inversion’s timescale is
τD ∼
1
γ (equation (4)). This directly illustrates the phys-
ical characteristics which identify class B lasers. Typical
values of the relaxation constants are offered in Table II
for some selected sample devices.
These equations straightforwardly possess the follow-
ing double set of steady-state solutions [8] (the overstrike
denoting the steady state):(
I = 0
D = P
)
,
(
I = P − 1
D = 1
)
(5)
where the threshold value in the normalized form of this
model is Pth = 1 (i.e., I = 0).
A linear stability analysis of the above-threshold so-
lution [8, 11] immediately provides stable solutions (for
P ≥ 1) with eigenvalues of the form:
λ =
1
2
[
−γP ±
√
γ2P 2 − 4γK(P − 1)
]
, (6)
where the square root takes imaginary values as soon as
P >∼ 1 +
1
4
γ
K
. (7)
Given that γ ≪ K for all Class B lasers, the eigenvalues,
equation (6), are (almost) always complex above thresh-
old, and represent a (damped) oscillation with angular
frequency
ω ≈
√
γK(P − 1) , (8)
where obtaining this approximate expression we have ne-
glected the term γ2P 2, very small compared to 4γK(P −
1) for all practical values of P .
Notice that the model we are studying is entirely de-
terministic and does not take into account in any way
the presence of spontaneous emission. In other words,
the model accounts only for the stimulated fraction (i.e.,
perfectly coherent) of the emitted photons and entirely
ignores the spontaneous one (negligible once threshold is
attained – cf. section IV for numerical estimates). An
3improvement on this model is represented by a set of rate
equations where the average contribution of the spon-
taneous emission is accounted for in the field intensity
equation (cf. e.g., [12]). This addition, however, does not
qualitatively alter the physical description, while it adds
a good degree of mathematical complexity (cf., e.g., the
imperfect bifurcation problem in laser physics [13]). We
therefore use the simpler model (equations (3–4)) paying
close attention to the interpretation of its predictions and
to the use of the boundary conditions (cf. discussion of
the value of I˜ in section III).
III. DYNAMICAL THRESHOLD CROSSING
When considering the transition from below to above
threshold we explicitely deal with the condition P (t =
0−) < 1 and therefore I(t = 0) = 0 and D(t = 0) ≡
D0 = P (t = 0
−), according to the first set of steady-
state values, equation (5). Assuming a Heaviside function
shape for the pump (P (t < 0) < 1, P (t > 0) > 1), the
model reduces to
dI
dt
= 0 , (9)
dD
dt
= −γ(D − P ) , (10)
with the initial conditions specified above. Thus, the e.m.
field intensity remains constant, at zero, while the pop-
ulation inversion starts growing exponentially according
to
D(t) = (P −D0)(1 − e
−γt) +D0 , (11)
which holds until the instant t˜ at which the popula-
tion inversion reaches the other solution, equations (5):
D(t˜) = 1. Starting from this instant, the first of the
model equations (3) acquires a positive r.h.s. and the
e.m. field intensity starts to grow.
The value of t˜ can be easily obtained from equa-
tion (11):
D(t˜) = 1 = (P −D0)(1− e
−γt˜) +D0 , (12)
t˜ = −
1
γ
log
[
P − 1
P −D0
]
, (13)
where we are assured that t˜ > 0 by the fact that P −
1 < P −D0. Starting from this instant, the full model,
equations (3-4), must be used in its nonlinear form and
no closed solution exists for the time evolution of the
physical variables. However, if we concentrate on the
initial phases of the e.m. field intensity growth, we can
gather some information on the timescale over which the
laser turns on.
Assuming that the laser intensity I is small in its ini-
tial phases (I ≪ 1), we can suppose its influence on the
evolution of D to be negligible (since (1 + I) ≈ 1 in the
r.h.s. of equation (4)) and obtain an approximate form
for D(t > t˜):
D(t) = D(t˜) +D(δt) , (14)
= 1 + (P − 1)
(
1− e−γ δt
)
, δt ≡ t− t˜ (15)
≈ 1 + (P − 1) [1− (1− γ δt)] , (16)
= 1 + (P − 1)γ δt , (17)
which holds as long as δt≪ 1γ , a condition which is very
well satisfied in practice (and which can be easily checked
a posteriori – cf. section IV).
We can now use this approximate solution to get an ap-
proximate solution for the initial phases of the e.m. field
intensity growth by replacing D(t) from equation (17)
into the rate equation for I (equation (3)), which can be
easily recast as:
d(log I)
dt
= γK(P − 1)δt . (18)
Direct integration provides∫ t
t˜
d(log I) = γK(P − 1)
∫ t
t˜
(t′ − t˜)dt′ (19)
=
1
2
γK(P − 1)(t− t˜)2 , (20)
which only holds until a time tM , to be determined. The
l.h.s. of equation (19) provides log I(t) up to a constant
(log I(t˜)) which corresponds to a mathematical diver-
gence, since I(t˜) = 0. Besides being unphysical, this is an
artefact of the model, which considers only the determin-
istic evolution of the coherent fraction of the e.m. field:
spontaneous emission is not included in this description.
A self-consistent solution can only be obtained by includ-
ing the spontaneous photons in the description, but the
complexity of the model increases considerably; the aver-
age properties of the lasing transition, however, are still
correctly given by the set of rate equations (3-4). Thus,
we can use the correct physical condition (i.e., the aver-
age value of the spontaneous emission in the lasing mode
at threshold) to estimate the value of I(t˜), thus avoiding
the unphysical divergence. Indicating with I0 this value
(i.e., the value of I at t = t˜), we obtain the approximate
expression for the e.m. field intensity growth:
I(t) = I0e
1
2
γK(P−1)(t−t˜)2 , (21)
which already provides us with a wealth of (determinis-
tic) information about the initial phases of the growth of
the laser intensity:
• the growth is exponential but with a quadratic time
dependence – since the solution (21) holds only at
short times, the quadratic growth in time indicates
a slower initial growth than what would result from
a linear time dependence;
• the speed at which the laser intensity grows de-
pends on the distance of the pump from threshold
(P−1) – the larger the pump, the faster the growth;
4• the time constant for the intensity growth is not
proportional to K−1, as one would, mistakenly
but intuitively, expect from the timescale evolu-
tion of the intensity (cf. equation (3)), but rather
to the geometric mean of the two time constants
(γK)−1/2;
• the actual time constant for the exponential growth
is τexp =
√
2
γK(P−1) , i.e., the distance of the pump
to threshold induces a hyperbolic lengthening of
the time scale, with the usual divergence, typical of
critical slowing down [14], taking place as P → 1.
While intuitively unexpected, the dependence of the
timescale on the product of the two relaxation constants
for the physical variables is logical. Indeed, it is not
sufficient for the e.m. field intensity to grow at a rate
K−1 since the population inversion must have the time
to increase as well in order for the photon number to
develop. Notice that the relaxation oscillations, equa-
tion (8), appearing around the above-threshold solution
(thus, far beyond the intensity ranges we are consider-
ing here) have the same parameter dependence as the
time delay ∆t ≡ t− t˜, apart from a numerical coefficient.
This point is significant since it shows how the time con-
stants appearing in all parts of the transient evolution
are closely related to each other by the intrinsic physical
interplay between the laser variables.
The limits of validity of the solution we have obtained
for the transient can be easily established in the following
way. The transient dynamics of class B lasers is charac-
terized by a delay in the laser intensity growth, accompa-
nied by an overshoot of its value beyond its asymptotic
state with damped oscillations [12]. A dynamical analysis
can be performed, looking, among others indicators, at
the shape of the trajectory in phase space [15]. Strong de-
viations for the growth of the population inversion from
the approximate solution, equation (17), are expected,
and numerically found, when the laser intensity exceeds
its asymptotic value I = P − 1. Thus, we can set the
limit of validity at a fraction of this value aI (a < 1,
arbitrary) to determine the maximum time value tM for
which the approximate solution for I(t) (equation (21))
holds:
a(P − 1) = I0e
1
2
γK(P−1)(tM−t˜)
2
, (22)
which immediately gives an estimate for tM :
tM = t˜+
√
2
γK(P − 1)
log
(
a(P − 1)
I0
)
. (23)
Since we are trying to estimate the time necessary to
attain a fraction a of the steady state value for the laser
intensity, it does not make sense to consider the limit
P → 1, thus the potential divergences present in the
expression on the r.h.s. of equation (23) lie outside the
realm of the interesting physical parameter ranges.
IV. NUMERICAL VERIFICATIONS
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FIG. 1. Comparison between the value of the time value
at which D = 1 occurs obtained from equation (13) – solid
line – and the equivalent values obtained from the numerical
integration of the model (equations (3,4)) – dots. For this and
the following figures the following parameter values are used:
γ = 1 × 106s−1, K = 1 × 108s−1, P = 2. The inset shows
the temporal evolution of the population inversion computed
from equation (11) for a time equal to 1
γ
; the asymptotic value
is at P = 2.
A verification of the approximate solutions is easily
obtained by comparing the analytical predictions to the
numerical values resulting from the integration of the
model, equations (3,4), obtained with a first-order Eu-
ler scheme programmed in GNU Octave. The temporal
evolution of the population inversion (cf. inset of Fig. 1)
displays a growth corresponding to that of a saturating
exponential, as predicted by equation (11). The cross-
ing time t˜ (t˜: D(t˜) = D = 1) can be easily found from
this trajectory (and more precisely from the numerical
file). We also remark that, as implicit in the previous
discussion, the population inversion D grows beyond its
asymptotic value in the process of laser threshold cross-
ing (cf. discussion in section V).
Fig. 1 shows the comparison between the time t˜ nec-
essary for the population inversion to reach its above-
threshold steady state value (continuous line) as pre-
dicted from equation (13), and the numerical time ob-
tained from the temporal trajectory (dots). Not unex-
pectedly, since the approximation used in the derivation
of equation (13) is very well verified, the agreement is
excellent.
Once threshold is crossed, the numerical integration
has to start from a good estimate of the “initial” value
of the laser field intensity. The deterministic rate equa-
tion model does not account for the background noisy
dynamics which holds the intensity value constant (in
average) around the value of the spontaneous emission.
If one starts the integration of equations (3-4) with a de-
terministic initial condition (e.g., D0 = 0.5, as in one of
the simulations run for Fig. 1), during the whole tran-
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FIG. 2. Time evolution of the laser variables as a function of
∆t = t− t˜: Laser intensity (dashed line – black online), pop-
ulation inversion (continuous line – red online), approximate
solution (equation (15)) for the population inversion (dash-
double dotted line – green online). The vertical dash-dotted
line (blue online) marks the value of tM : the approximate
and the exact solution are still an excellent match up until
this time value. Inset: shape of the field intensity growth
according to the approximate solution, equation (21). The
agreement is qualitative but shows that the shape of the curve
is well reproduced – notice that the value of γK has been re-
placed by γK/2 for this graph (cf. text for details). The
initial value used for the the field intensity (representing the
average spontaneous emission) is I0 = 1× 10
−10.
sient where D(t) < D = 1, the laser intensity decays
away to ever smaller numbers. This is an artefact of the
model and should not be mistaken for a physical effect.
Continuing the simulation from unphysically low values
of the laser intensity (e.g., much lower than the average
spontaneous emission level) would artificially increase the
latency time needed to reach macroscopic intensity val-
ues, and thus affect the maximum values reached by the
population inversion, and, as a consequence, by the laser
intensity at its peak (not discussed here – the full time
evolution can be seen, for instance, in Ref. [15]). Thus,
it is crucial to consider a reasonable estimate of the av-
erage spontaneous emission. Traditionally, the following
physical considerations have been employed to concep-
tually define threshold: for the stimulated emission to
overcome the spontaneous emission and concentrate on
the lasing mode all (or most) of the energy, the number
of photons in the lasing mode has to equal the num-
ber N of modes available for the spontaneous emission
(i.e., the number of electromagnetic cavity modes). In
other words, while in average the number of spontaneous
photons is 〈ns,j〉 = 1 for each mode (j = 1 . . .N), the
(average) number of stimulated photons in mode p must
be 〈nst,p〉 = N for lasing action to occur [16]. Thus, if
we consider a laser whose cavity possesses N modes, its
relative average spontaneous intensity at threshold will
be
〈Isp〉
I
= 1N . Without entering into details, macro-
scopic lasers have values of 107 < N < 1012 (and even
beyond); small semiconductor lasers are characterised by
N ≈ 105, while smaller cavities exit the realm of small-
sized lasers to approach the nanoscale. A more detailed
discussion, supported by stochastic calculations, can be
found in [17, 18]. Here we use values 105 ≤ N ≤ 1010,
specified in the figures as appropriate.
The evolution of the population inversion following t˜
is displayed in Fig. 2. The continuous lines (red online)
shows the population inversion numerically integrated
from the model, equations (3-4), while the dashed line
(green online) represents the predictions of the approxi-
mate expression, equation (11). The graph convincingly
shows that the analytical approximation holds well be-
yond t˜, even once the laser intensity I starts growing
away from 0. Indeed, the two curves are superposed for
times exceeding t = 8× 10−7s (for the parameter values
of the figure), and remain very close until I ≈ I2 (
I
2 = 1
for the chosen parameters).
The analytical predictions of section III have provided
also an estimate of the maximum time value for which the
approximate analysis holds. Fig. 3 shows a comparison
between the estimated time, as a function of the sponta-
neous emission fraction (i.e., 〈Isp,p〉/I). The agreement
here is somewhat less good than the one previously ob-
tained, due to the fact that we have retained only the
linear term (first-order correction) in the expressions for
the population inversion, equation (17), to obtain an ap-
proximate behaviour for the initial phases of the inten-
sity growth, as reproduced by equation (21). It is from
this latter equation which we have estimated the maxi-
mum time, equation (23), represented as a time difference
∆tmax ≡ (tM − t˜) in Fig. 3. Notice, however, that the
order of magnitude is correctly obtained and that the
largest error is of the order of 20%: it occurs, not surpis-
ingly, for the lower values of the spontaneous emission,
which lead to longer values of tM .
We also remark that the threshold set for determining
the value of tM (a = 0.1) falls well within the range of
validity for the approximate expression of the population
inversion given by equation (17): the time tM is marked
in Fig. 2 by the vertical dot-dashed line (blue online) – at
this instant, the numerical and the analytical expression
for D(tM ) coincide.
Finally, we look at the shape of the initial growth of
the field intensity, as displayed in the inset of Fig. 2 for
comparison with the dashed line (black online) in the
same figure. The overall shape is quite well reproduced,
even surprisingly well for an approximate solution with a
growth rate as large as that of a quadratic exponential,
but for the value of the time constant τexp which, for the
sake of graphical comparison, has been doubled. Given
the rather crude approximations used to obtain the shape
of the growing intensity, equation (21), then used for es-
timating the time tM , the qualitative agreement is quite
satisfactory. As a last remark, the value of the delay
time τexp used in the numerical comparison, larger than
the one coming from the analytical estimate, brings its
value a bit closer to the actual response time (Fig. 3) and
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FIG. 3. Comparison between the value of the time value for
which I(tM ) = aI (plotted as ∆tmax = tM − t˜) as a func-
tion of the value of the spontaneous emission (I0). Solid line:
approximate expression – equation (23) –; dots: numerical
integration of the model (equations (3,4)). Cf. text for de-
tails. The discrimination level for the intensity has been set
at a = 0.1 (i.e., 10% of the asymptotic value I, according to
equation (5) – right hand group of solutions).
to the relaxation oscillation period, estimated from the
linear stability analysis, equation (8).
V. DISCUSSION AND CONCLUSIONS
The usual picture of laser threshold is based on a static
representation, where the field becomes coherent as soon
as the pump rate exceeds its threshold value. This pic-
ture rests on the validity of the assumption of an infinitely
large system (i.e., the thermodynamical limit [19] for the
laser), which is very well satisfied by a large class of ex-
isting devices: in practice all solid state lasers (even mi-
crodisks) and all traditional gas lasers, high power lasers,
etc. [20]. Refinements become necessary when studying
different laser classes. Recent work has shown that the
well-established characterization of coherence properly
holds only for Class A devices [18] and in these systems
a dynamical perspective in the crossing of threshold does
not reserve particular surprises. Due to the restricted
(one-dimensional) phase space, in such systems the evolu-
tion of the field intensity takes a monotonic form and the
only interesting aspects cover the delay time associated
with the threshold crossing due to the time-dependence
of the control parameter [11, 21].
The larger phase space associated with the physics of
the Class B laser, instead, renders the dynamics non-
trivial, since it allows for a non-monotonic evolution of
the laser intensity, in addition to the appearance of an
intrinsic time delay, superposed to the one induced by
the bifurcation [11, 22]. This intrinsic delay stems from
the fact that: 1. the field intensity cannot grow until
the population inversion has reached its threshold value,
and 2. a sufficient amount of inversion is needed to allow
for the growth of the photon number. This introduces a
causal element which requires the population to grow by
a sufficient amount for the field intensity to approach its
above-threshold value; it is also the cause for the appear-
ance of a timescale proportional to the geometric mean of
the two relaxation constants (γ and K). In the absence
of this causal component, one should have expected the
field intensity to grow at a rate controlled by K, once the
population inversion has reached its threshold value.
Summarizing the results of this paper, we have ob-
tained approximate expressions for the times at which
the population inversion reaches its threshold and the
field intensity attains macroscopic values, together with
approximate solutions for both variables within the time
intervals just defined. The agreement is quite satisfac-
tory in all cases (and even excellent in some), in spite of
the extreme simplicity of the analysis. These considera-
tions allow for a deeper insight into the threshold crossing
properties of Class B lasers.
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